








5.1 Introduction
5.1.1 Terminology

Definition: A tree Is a finite set of one or more nodes
such that

(1) There is a specially designated node called root.

(2) The remaining nodes are partitioned into n=0
disjoint sets T,,..., T, where each of these sets is a
tree.

T,,..., T, are called subtrees of the root.
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5.1.2 Representation of Trees
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5.1.2 Representation of Trees

Data

Child1

Child2

]

Possible node structure for a tree ¢

Waste of space!




Lemmab.1: If T Is a k-ary tree with n nodes, each having
a fixed size as in Fig.5.4, then n(k-1)+1 of the n*k child
fieldsare 0, n = 1.
Proof:

each non-zero child field points to a node

there is exactly one pointer to each node other than the
root

the number of non-zero child fields in an n node tree
IS:

n-1
the number of zero fields is

nk-(n-1)=n(k-1)+1.












ADT 5.1

template <class T>
class BinaryTree
{ /] Afinite set of nodes either empty or consisting of

/[ a root node, left BinaryTree and right BinaryTree.
public:
BinaryTree ();
/] creates an empty binary tree

bool IsEmpty ();
// return true iff the binary tree is empty

BinaryTree(BinaryTree<T>& bt1, T& item,

BinaryTree<T>& bt2);
/] creates a binary tree whose left subtree is bt1,
// right subtree is bt2, and root node contain item.



BinaryTree LeftSubtree();
// return the left subtree of *this

T RootData();
/l return the data in the root of *this

BinaryTree RightSutree();
// return the right subtree of *this
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Lemma 5.2






Lemma 5.3 [Relation between number of leaf nodes and
degree-2 nodes]:

For any nonempty binary tree T, if n, Is the number of
leaf nodes and n, Is the number of nodes of degree 2,
then ny,= n,+1.



Proof:

Let n, be the number of nodes of degree 1 and n the
total number of nodes, we have

n=ny,+n;+n, (5.1)

Each node except for the root has a branch leading into
It. If B is the number of branches, then n = B+1. And
also B = n, + 2n,, hence

n=n;+2n,+1 (5.2)
(5.1) - (5.2): 0=ny-n,-1,1.e, ny=n,+1.















Lemma 5.4

D +1, 2 +1



Definition: a binary tree with n nodes and depth
k is complete iff its nodes corresponding to the
nodes numbered from 1 to n in the full binary
tree of depth k.
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template <class T> class Tree;

class TreeNode {
friend class Tree<T>;
public:

TreeNode (T& e, TreeNode<T>" |eft, TreeNode<T>*
right)

{data=e; leftChild=left; rightChild=right;}
private:
T data;
TreeNode<Y>* |eftChild;
TreeNode<Y>* rightChild;

}



leftChild | data

rightChild

template <class T>

class Tree {
public:
/[ Tree operations

|.o.r.'ivate:
TreeNode<T>* root;

&

)

leftChild

rightChild

If necessary, a 4t" field, parent, may be included

in the node.


















template <class >

void < >
{// :
()
}
template <class >
void < >
{// :
If ( )1
(
(
(
}

0












template <class >

void < >
{//
()
}
template <class >
void < >
{//
If ( )1
(
(
(
}

0
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void < >
{/ :
()
}
template <class >
void < >
{/ :
If ( )1
(
(
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}

0















Iterative Inorder Traversal

*Tree iterator
*Access nodes one by one

*Non-recursive tree traversal algorithm
*Inorder

eData structure:

Stack!




1 template <class T>

2 void Tree<T>::Nonreclnorder()

3 { // Nonrecursive inorder traversal using a stack
Stack<TreeNode<T>*> s; // declare and initialize a stack
TreeNode<T>* currentNode=root;
while (1) {
while (currentNode) { // move down leftChild
s.Push(currentNode); // add to stack
currentNode=currentNode—leftChild;

© oo NO O~

10 }

11 If (s.IsEmpty()) return;

12  currentNode=s.Top();

13  s.Pop(); // delete from stack

14 Visit(currentNode);

15  currentNode=currentNode—rightChild;
16 }

17}



The Nonreclnorder USES-A template stack.

Definition: A data object of Type A USES-A data object
of Type B If a Type A object uses a Type B object to

perform a task. Typically, a Type B object is employed
In a member function of Type A.

USES-A s similar to IS-IMPLEMENTED-IN-TERMS-
OF, but the degree of using the Type B object is less.



Analysis of Nonreclnorder:

n---the number of nodes in the tree.

every node Is placed on the stack once, line 8, 9 and 11
to 15 are executed n times.

currenetNode will equal 0 once for every 0 link, which
IS 2ny+ N;=ny+n,;+n,+1=n+1.

The computing time: O(n).

The space required for the stack is equal to the depth of
the tree.

Now we use the function Nonreclnorder to obtain an
Inorder iterator for a tree.



The key observation is that each iteration of the
while loop of line 6-16 yields the next element In
the inorder traversal of the tree.

class {//
public:
01 = kb
* ();
private:
< < >F>
< >*



0

while ( ) {
( );
}
If (. ()) return 0;
=. 0
& = —

= —

return &






//
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(I .

0;



Additional Binary Tree Operations

Copying Binary Trees

template <class T>
Tree<T>::Tree(const Tree<T>& s) // driver
{ /I Copy constructor

root = Copy( s.root );

}



template <class T>
TreeNode<T>* Tree<T>::Copy(TreeNode<T>* origNode)
// workhorse
{
// Return a pointer to an exact copy of the binary
// tree rooted at origNode
If (lorigNode) return O;
return new TreeNode<T>(origNode—data,
Copy(origNode—leftChild),
Copy(origNode —rightChild));



Testing Equality

template <class T>
bool Tree<T>::operator==(const Tree& t) const

{

return Equal(root, t.root);

}

template <class T>
bool Tree<T>::Equal(TreeNode<T>* a, TreeNode<T>* b)
{/I Workhorse-
If (('a) && (!b)) return true; // both aand b are 0
return (a && b // both a and b are non-0
&& (a—data == b—data) //data Is the same
&& Equal(a—leftChild, b—IleftChild) /lleft equal
&& Equal(a—rightChild, b—rightChild));  //right equal
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Exercises:































Exercises: P267-4, P267-6, P272-1, P273-4
Experiment: P267-10
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" 0
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= no two pairs have the same key




ADT 5.3
template <class
class {
public:
virtual bool
// true
virtual <
//
/
virtual void
//
//
virtual void
//

5

, class >

() const = 0;
>*  (const &) const=0;
(const < , >&)=0;

(const &) =0;



template <class , class >
struct















0

Search for an element with key k:

= |f k==the key In root, success

= |f x<the key In root, search the left subtree

= |f x>the key In root, search the right subtree



0

template <class , class >//
<, > <, >: (const & )
*this

{/
retur

template <class , class >//
< >* < > ( < < >>%

b

{

—

If (! ) return 0;

if( < — . )return
if( > —» .
return & -

\ ,




template <class ,class > //
<, > <, >: (const & )

¢ ‘ * )

while ( )
If( < — . )
= —>
else if ( > — . )
— —>
else return & — :
//
return O;

}












0 ).



When the dictionary already
contains a pair with key k

Simply update the element
assoclated with this key to e



template <class

void <, >u

<
while ( ) {

I (

else If (

else //

{ —

}

=New
it )/

I (

else —

else =

, class >

(const
< >> F =

5

;return;}

,0,0);

()
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Exercises: P296-1,2









— )
2,6,7,8,10,15,18,20,25,30,35,40
(2)=0
(15)=5
(20) =7

()= ()



= 2,6,7,3,10,15,18,20,25,30,35,40



= 2,6,7,3,10,15,18,20,25,30,35,40
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(1) 0 rightChild

(2) 0 leftChild



The following is a threaded tree, in which node E has a
predecessor thread pointing to B and a successor
thread to A.




To distinguish between threads and normal pointers,
add two bool fields:

leftThread
rifgtThread

If t—leftThread == true, then t—leftChild contains a
thread

otherwise a pointer to left child

Similar for t—rightThread.



template <class >
class

friend class
private:
bool

bool

{



template <class T>
class ThreadedTree {
public:

/[ Tree operations

private:
ThreadedNode *root;
}



Let Threadedlnorderilterator be a nested
class of ThreadedTree:

class ThreadedlInorderlterator {
public:
T* Next();
ThreadedInorderlterator()

{ currentNode = root; }

private:
ThreadedNode<T>* currentNode;

}




To make the left thread of the first node in inorder and
the right thread of the last node In inorder un-dangle,
we assume a head node for all threaded binary tree, let
the two threads point to the head.

The original tree Is the left subtree of the head, and the
rightChild of head points to the head itself.

leftThread  leftChild data rightChild rightThread
true false

An empty threaded binary tree



Wwe Can see.

(1)The inorder successor of the head node is the
first node in inorder;

(2)The inorder successor of the last node in
inorder is the head node.

- S I Il e el I I N
[ . [ [ ,
1

[ ' [ [

memory representation of threaded tree



Inorder Traversal of a Threaded Binary Tree

Observe:
(1) If Xx—rightThread==true

the inorder successor of X IS

X—rightChild;



(2) If Xx—rightThread==false
the Inorder successor of X Is obtained by

following a path of leftChild from the
right child of x until

a node with leftThread==true Is reached.



Thus we have:

: 0
{//
//
< >* —
1i (! — )
while (! — )
If ( == )
return 0; //
else
return & —



Note that when currentNode == root, Next() return the
1st node of inorder, thus we can use the following
function to do an inorder travesal of a threaded binary
tree:

template <class >
void :: O
{

for( * = . (; ; - 0)
*);



Inserting a Node into a Threaded Binary Tree

Insertion into a threaded tree provides the function for
growing threaded tree.

We shall study only the case of inserting r as the right
child of s. The left child case Is similar.



(1) If s rightThread==true, as:




(2) If s I rightThread==false, as:

actions @,2), @ are the same,@) is

In both (1) and (2)
special for (2).



template <class >

void < >
{//
—> = —
—> = —
— =,
— =true;
— =,
— =false;
< >*
— =,

(2)

/]
/] (@
/] (@

e,

< >%F
<>*)

/|

1=

/] 3

(); /@
//



Exercises: P277-1, P278-4












ADT MaxHeap

template <class > class {
public:
virtual {y /
virtual bool () const = 0;
// true

virtual const & () const = 0;

//

virtual void (const &)= 0;
//

virtual void ()=0;

//
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14, 10,7, 6,5, 3,2
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template <class T>
class MaxHeap: public MaxPQ <T>
{
public:
MaxHeap (int theCapacity=10);
bool IsEmpty () { return heapSize==0;}
const T& Top() const;
void Push(const T&);

void Pop();
private:
T* heap; /[ element array
Int heapSize; [/ number of elements in heap
Int capacity; /] size of the array heap

}
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template <class >
< > (int
{//
If ( <1) throw

= new +1 ://

template <class >
Inline & < > ()
{
If ( ()) throw
return 1 ;
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template <class >

void < > (const & )
{//
if ( = ) {7/
| , 2% );
*=1)-
}

Int =+ 1. / 1.09 001 25.2487.4 024 8.83













































template <class >

void < > ()
{//
If ( ()) throw
1. O/
//

INt =1;: //



while (<=

1
//
if( <
++;
//
f(  >=
//

&&

) break; //

*=2-//

,//




Exercises: P287-2, 3
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class
public:

void

private:

Int

Int * ;

b S
INt
INt

}

()



(int ){
= new Int
= New



void . (){

Int ;
for(= 1; >0; -)
It ( (2%)> 2% +1)
B (2% +1);
else = (2% );
0= 1;
for( =1; < ; ++)
LG 2*) = 2% +1);

else = (2* );



INnt : (int ) {
If ( < )return ., elsereturn

}
int % (int ) {
if ( < )return ;elsereturn( )

}









2,5,6,3,4
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2,5,6,3,4
=10
1= 2,5
2= 6,3

3 =



2,5,6,3,4
10

1= 2,53
2= 6,4












= 4,7, 3,6







= 4,7, 3,6



















=[4,7,3, 6]
=10

Pack red item into first
bin.




=[4,7,3, 6]
=10

Pack blue item next.

Doesn’t fit, so start a
new bin.



=[4,7,3, 6]
=10




=[4,7,3, 6]
=10




=[4,7,3, 6]
=10

Pack green item
into first bin.




=[4,7,3, 6]
=10

Optimal
packing.
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<= (11/9)(
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 Exercises: P301-1,4
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2,4,5,9,11, 13,30
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class {

public:

//
private:

int * ,

int ;//
};

(int )

{

I ( < 2) throw

=new int ;
( : +,-1);



(>)






INt
{//
while (

return ,

}



void
{//

//

(int ,iInt )



(1)

08



(2,1), (3,2), (4,3), (5,4)













(13;
!
(7,13)






void : (int ,iInt )

{// =

// = - = -
Int = + .

if ( > Y { // |

else{ //



Lemma 5.5

(

, )+ 1.



 Lemma 5.5

( 2 )*L
Proof by induction:

=m=1,1tis true.

= Assume It iIs true for all trees with 1 = m-1
nodes.

= For1=m, let T be a tree with m nodes created
by WeightedUnion.

= Consider the last union performed,
Union(k, J).



Let a be the number of nodes In

tree | and m-a that in tree K.
without loss of generality, )
assume 1 < a < m/2. Then the
height of T is either the same \

as that of koris 1 + that of j.

m-a=m/2=a

If the former is the case, the height of T < |log, (m-a)]
+1 < [log, m] +1.

If the latter is the case, the height of T < |log, a]+2 <
llog, m/2)+2 < |log, m]+1.



The time to process a find Is at most
O(log n) In a tree of n nodes

If an intermixed sequence of u-1 union
and f find is to be done

The worst case time is O(u + f log u).






Further improvement in the find algorithm.
Definition [Collapsing rule] :

If J Is a node on the path from I to its root and
parent[i] = root(i),

then set parent[j] to root(i).



(1)




INnt : (int )
{/
//
//
for (int = ; >=();
while ( !'= ) {
Int = ;

}

return ;



(1)
(9,






equivalence classes <> disjoint sets

Initially, parent[i] = -1, 0 =i =n-1.

To process I = |,

Let x =find(i), y = find(}J) --- 2 finds

If X =y then union(X, y) --- at most 1 union

Thus if we have n elements and m equivalence pairs, we
needs 2m finds and min {n-1, m} unions. The total time
IS O(n+2m a(n+2m,n)).



Example:

n = 12, process equivalence pairs:
0=4,3=1,6=10,8=9,7/=4,6=8,3=5, 2=11,
11=0

[-11 [-11 [-1]1 [-1]1 [-1] [-1] [-1] [-1] [-1] [-1] [-1] [-1]

0]0]0]0]0]010]0I0JOITI0)

(a) Initial trees



[-2] [-1] [-2] [-11 [-2] [-1] [-2] [-1]

® 0 OO @
® 0 ® ©

(b) After processing0=4,3=1,6=10,and 8=9







[-3] [-4]

fo @%.’b

®

(d) After processing 11 =0
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Eerie eyes seen near lake.
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 Exercises: P316-3



